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ON THE TRANSPORT PROPERTIES OF A PARTIALLY 

IONIZED GAS I N  THE PRESENCE OF 

ELECTRIC AND MAGNETIC FIELDS 

By H .  A .  H a s s a n  

SUMMARY 

The t r a n s f e r  e q u a t i o n s  a s  g i v e n  by B u r g e r s  are used  t o  
g i v e  e x p l i c i t  e x p r e s s i o n s  f o r  t h e  d i f f u s i o n  v e l o c i t i e s ,  t h e  
h e a t  f l u x  v e c t o r s ,  and  t h e  stress t e n s o r s  of  t h e  c o n s t i t u -  
e n t s  of a p a r t i a l l y  i o n i z e d  gas .  The c a l c u l a t i o n  t a k e s  i n t o  
c o n s i d e r a t i o n  t h e  p r e s e n c e  of  e lectr ic  and magne t i c  f i e l d s  
and p r e s s u r e ,  t e m p e r a t u r e ,  c o n c e n t r a t i o n ,  and v e l o c i t y  gra- 
d i e n t s .  The r e s u l t s  co r re spond  t o  what is normal ly  r e f e r r e d  
t o  a s  a "second approximat ion ."  

INTRODUCTION 

The e q u a t i o n s  gove rn ing  t h e  f l o w  of  a plasma have been 
d e r i v e d  s t a r t i n g  from t h e  a p p r o p r i a t e  Boltzmann e q u a t i o n s  by 
K o l o d n e r , l  B u r g e r s , 2 , 3  and Herdan and L i l e y 4  u s i n g  G r a d ' s  
t h i r t e e n  moment method. I n  a d d i t i o n  t o  t h e  c o n s e r v a t i o n  equa- 
t i o n s ,  t h i s  scheme g i v e s  s e p a r a t e  e q u a t i o n s  f o r  t h e  stress 
t e n s o r s ,  h e a t  f l u x  v e c t o r s ,  and t h e  d i f f u s i o n  v e l o c i t i e s .  I n  
g e n e r a l ,  t h e  s i m u l t a n e o u s  s o l u t i o n  of  s u c h  a sys tem of equa- 
t i o n s  is q u i t e  compl i ca t ed  even  f o r  t h e  s i m p l e s t  p roblems.  
T h e r e f o r e ,  t h e  m o r e  c o n v e n t i o n a l  approach  of f i n d i n g  e x p l i c i t  
e x p r e s s i o n s  f o r  t h e  t r a n s p o r t  r e l a t i o n s  f i r s t ,  and u s i n g  t h e  
r e s u l t i n g  e x p r e s s i o n s  i n  t h e  c o n s e r v a t i o n  e q u a t i o n s ,  is o f t e n  
employed. The e x p r e s s i o n s  fo r  t h e  t r a n s p o r t  r e l a t i o n s  are  
u s u a l l y  o b t a i n e d  from t h e  d e r i v e d  e q u a t i o n s  f o r  t h e  stress, 
d i f f u s i o n ,  and h e a t  f l u x  by t h e  method of  s u c c e s s i v e  a p p r o x i -  
m a t i o n s .  

E x p r e s s i o n s  f o r  t h e  t r a n s p o r t  p r o p e r t i e s  of a f u l l y  i o n -  

I n  t h i s  work,  
i z e d  gas w e r e  g i v e n  by B u r g e r s  and  Herdan and L i l e y .  The 
s l i g h t l y  i o n i z e d  case w a s  c o n s i d e r e d  by Yang.5 
t h e  gas is assumed t o  b e  p a r t i a l l y  i o n i z e d  a n d ,  t o  p r e s e r v e  



symmetry, t h e  magne t i c  and  e lec t r ic  f i e l d  v e c t o r s  are assumed 
t o  have a r b i t r a r y  d i r e c t i o n s .  

The d e r i v a t i o n  is based  upon B u r g e r s '  t r a n s f e r  e q u a t i o n s  
and employs t h e  comple te  e q u a t i o n s  t h a t  r e s u l t  i n  t h e  second 
approx ima t ion .  Because of t h e  long-range  i n f l u e n c e  of  Cou- 
lomb f o r c e s ,  c o l l i s i o n  cross s e c t i o n s  of cha rged  p a r t i c l e s  
are much la rger  t h a n  cross s e c t i o n s  of c o l l i s i o n s  i n v o l v i n g  
n e u t r a l  atoms. T h i s  r e s u l t  and t h e  f ac t  t h a t  t h e  e l e c t r o n -  
atom mass r a t i o  is s m a l l  compared t o  u n i t y  have been used  t o  
s i m p l i f y  t h e  g o v e r n i n g  e q u a t i o n s .  F u r t h e r  s i m p l i f i c a t i o n  re- 
s u l t s  i f  one assumes t h a t  t h e  degree of i o n i z a t i o n  is n o t  v e r y  
c l o s e  t o  zero or u n i t y .  Because t h e s e  l i m i t i n g  cases w e r e  
d i s c u s s e d  by p r e v i o u s  a u t h o r s ,  t h i s  a s sumpt ion  w i l l  be employ- 
ed h e r e .  

When t h e  d e r i v e d  e x p r e s s i o n s  f o r  t h e  stress, h e a t  f l u x ,  
and d i f f u s i o n  are s u b s t i t u t e d  i n t o  t h e  c o n s e r v a t i o n  e q u a t i o n s ,  
e q u a t i o n s  of t h e  Navier -S tokes  t y p e  r e s u l t .  Such e q u a t i o n s  
can  be u s e d ,  among o t h e r  t h i n g s ,  f o r  t h e  a n a l y s i s  of M H D  gen- 
e r a t o r s  and plasma a c c e l e r a t o r s .  

The scheme p r e s e n t e d  h e r e  f o r  t h e  c a l c u l a t i o n  of t h e  
t r a n s p o r t  r e l a t i o n s  is a n  a l t e r n a t i v e  t o  t h e  Chapman-Enskog 
scheme. Exper i ence  w i t h  pu re  gases shows t h a t  t h e  two schemes 
lead t o  s i m i l a r  r e s u l t s .  

SYMBOLS 

a() 9 a 1  I a 2  q u a n t i t i e s  d e f i n e d  by e q u a t i o n  (40) 

bo $1 9 b2 q u a n t i t i e s  d e f i n e d  by e q u a t i o n  (42) 
+ 
B magne t i c  f i e l d  s t r e n g t h  

C19C29C3 q u a n t i t i e s  a p p e a r i n g  i n  e q u a t i o n  (46) 

q u a n t i t y  d e f i n e d  by e q u a t i o n  (32)  dS 

e c h a r g e  of  p r o t o n  

c h a r g e  of s p e c i e s  s 

ek& j 

E 
-> 

p e r m u t a t i o n  t e n s o r  

e lec t r ic  f i e l d  s t r e n g t h  
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-- 
E* 

f s h  

Fh 

g s h  

Gh 

J s h  

k 

kS 

k s  t 

m S  

hk 

n 

“S 

PS 

( P s )  hk 

(’s) hk 

q s h  

Qsh 

r s h  

R s h  

TS 

Uh 

U 
--9 

wsh  

-> -> ++ 
E* = E + UxB 

v e c t o r  d e f i n e d  by e q u a t i o n  (5) 

v e c t o r  d e f i n e d  by e q u a t i o n  (40) 

v e c t o r  d e f i n e d  by e q u a t i o n  (6)  

v e c t o r  d e f i n e d  by e q u a t i o n  (42) 

c u r r e n t  d e n s i t y  of s p e c i e s  s 

Boltzmann c o n s t a n t  

q u a n t i t y  d e f i n e d  by e q u a t i o n  (38) 

f r i c t i o n  c o e f f i c i e n t  

m a s s  of p a r t i c l e  s 

t e n s o r  d e f i n e d  by e q u a t i o n  (8) 

n =  na + n i ,  number of n u c l e i  

number d e n s i t y  of s p e c i e s  s 

p r e s s u r e  of s p e c i e s  s 

stress t e n s o r  of s p e c i e s  s 

v i s c o u s  stress t e n s o r  of s p e c i e s  s 

h e a t  f l u x  component of s p e c i e s  s 

v e c t o r  d e f i n e d  by e q u a t i o n  (32) 

r e s i d u a l  h e a t  f l u x  component of s p e c i e s  s 

v e c t o r  d e f i n e d  by e q u a t i o n  (37) 

k i n e t i c  t e m p e r a t u r e  of s p e c i e s  s 

mean v e l o c i t y  component 

mean v e l o c i t y  v e c t o r  

d i f f u s i o n  v e l o c i t y  component of s p e c i e s  s 
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zst,zAt,z:t quantities defined by equation (?i) 

(43 1 collision cross sections Zst YZst 
U 

€ 

P 

'sh 

degree of ionization 

quantity defined by equation (62) 

quantities defined by equation (26) 

quantities defined by equation (30) 

quantities defined by equation (26) 

Kronecker delta 

quantity defined by equation (64) 

e = duh/bxh, divergence of the mean flow 

tensor defined by equation (8) 

quantity defined by equation (11) 

vector defined by equation (6) 

tensors defined by equation (62) 

quantity defined by equation (60) 

mean density 

density of species s 

tensor defined by equation (7) 

mean collision time between ions and electrons 

vector defined by equation (5) 

w electron cyclotron frequency 

GOVERNING EQUATIONS 

The complete equations which give the second ap roxima- 
tion to the transport properties can be written as 213 Y 
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'sh = 

m s  m t  
m t  m s  + ms m~ + m t  [% 5 zLt(rsh + r  t h  ) + ( 3 - + -  * s t l r s h  

w h e r e  

5 



2 (6s)hk = 's'hk - (E*hJsk + EgJsh - - 3 6 hk E*J 1 si  . )  

7 t  
(22)  

J s t  = 1 + 5zst - - 2 Zst 
l t  Z s t  
st - Z s t  

- Z 

(7) 

+ 
and e,, m,, Ps, n,, T,, ps7 wsh, q s b ,  J.537 (Ps )kh  
d e n o t e ,  r e s p e c t i v e l y ,  t h e  c h a r g e ,  p a r t i c l e  mass, mass d e n s i t y ,  
number d e n s i t y ,  t e m p e r a t u r e ,  p r e s s u r e ,  d i f f u s i o n  v e l o c i t y ,  
h e a t  f l u x ,  c u r r e n t  d e n s i t y ,  and v i s c o u s  stress of s p e c i e s  s .  
The q u a n t i t i e s  p ,  P , ,  3, z L ~ J ) ,  3, B ,  &, ekhj de- 
n o t e  t h e  d e n s i t y ,  p r e s s u r e ,  mean v e l o c i t y ,  a v e r a g e  c o l l i s i o n  
cross s e c t i o n s ,  e lectr ic  and magne t i c  f i e l d s ,  Kronecker d e l t a ,  
and t h e  p e r m u t a t i o n  t e n s o r ,  r e s p e c t i v e l y .  The second-order  
t e n s o r  (M,)hk w a s  g i v e n  by Burge r s  i n  component form; i t  can  
be shown, however,  t h a t  i t  has  t h e  r e p r e s e n t a t i o n  g i v e n  above.  
I n  w r i t i n g  e q u a t i o n  ( 6 ) ,  t h e  t e r m  (es/ms)E$(Ps)hi was assumed 
s m a l l  compared t o  t h e  o t h e r  t e r m s ;  t h i s  assumpt ion  decoup les  
t h e  e q u a t i o n s  f o r  h e a t  f l ow and v i s c o u s  stresses and makes t h e  
s o l u t i o n  of  e q u a t i o n s  ( 1 ) - ( 3 )  independent  o f  t h a t  of e q u a t i o n s  

-+ 

( 4 ) .  

6 



Before attempting a solution of equations (1)-(4) for the 
' quantities rSh, Wsh, and (Ps)hk, a study of the relative 

orders of magnitudes of the terms on the right-hand side of 
equations (2)-(4) will be undertaken. The first to be con- 
sidered are the friction coefficients Kst. Since 

me e< m; m = ma c1 - mi, Zat << Zst; s,t = e,i, (15) 

equations (10) and (15) show that the ratios 

- Ket << 1, t = a,i; - Kea << 1, - Kia << 1, 
Ktt Ke i Ki i 

provided the degree of ionization is not very close to zero 
or unity. 

For particles interacting according to the inverse power 
law; i.e., the potential energy of interaction is g(r) = dr-6; 
one finds 

= 1 - - 3 - -  2 2 1 = 1 - &I 4 - ;>(3 - g) 
Zst 5 6 ' Zst 

6 = 1 corresponds to Coulomb interactions, 8 = 4 corresponds 
to Maxwellian molecules, while b = ~a corresponds to hard 
elastic spheres. Since A2/A1 is of order unity, the above 
quantities are, in general, of order unity. 

fields, equations (3), ( 4 ) ,  (61, and (7) give 
F o r  a pure gas in the absence of electric and magnetic 

25 kns ms rsh = - - 
KssZ&s bXh ' 

7 
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Hence, 

and 

I n  w r i t i n g  e q u a t i o n s  (19)  and ( 2 0 ) ,  t h e  r e s u l t s  of e q u a t i o n s  
(17)  w e r e  employed and a is t h e  d e g r e e  of i o n i z a t i o n .  

F i n a l l y ,  i g n o r i n g  t h e  c o u p l i n g  between h e a t  f l u x  and d i f -  
f u s i o n ,  e q u a t i o n s  ( l ) ,  ( 2 ) ,  and (13)  show t h a t  

The r e s u l t s  of e q u a t i o n s  (15) - (21)  a re  now used t o  s i m p l i -  
fy e q u a t i o n s  ( 2 ) - ( 4 ) .  Using t h e s e  r e s u l t s ,  e q u a t i o n s  ( l ) ,  ( 2 ) ,  
and (13)  g i v e  

S i m i l a r l y ,  e q u a t i o n s  ( 3 )  and ( 4 )  y i e l d ,  r e s p e c t i v e l y ,  

8 



where 

2 kTi  + KeiTei),  6, = K(3 K ee z" ee 1 5 m 11 ii 8.  = - - K. .z'! kTe 2 

and 

where 

S o l u t i o n  of t h e  p r e s e n t  problem r e d u c e s ,  t h e r e f o r e ,  t o  
t h e  s o l u t i o n  of t h e  sys tem (22)-(29). Equa t ions  (22)-(25) are  
s o l v e d  f i r s t  for r s h  and  J sh .  The r e s u l t i n g  e x p r e s s i o n s  f o r  
Jsh are t h e n  used  i n  e q u a t i o n s  (27)-(29) t o  g i v e  t h e  d e s i r e d  
e x p r e s s i o n s  for (Ps)hk. 

9 



l l l l l l l l l  I 1  

The D i f f u s i o n  Velocit ies and H e a t  F l u x  V e c t o r s  

The d i f f u s i o n  ve loc i t ies  and t h e  h e a t  f l u x  v e c t o r s  can  
be  c a l c u l a t e d  f r o m  t h e  s i m u l t a n e o u s  s o l u t i o n s  of e q u a t i o n s  
( 2 2 ) - ( 2 5 ) .  The method t o  be employed i n  s o l v i n g  t h i s  s y s -  
t e m  is t o  u s e  e q u a t i o n s  (6 )  and ( 2 5 )  t o  e x p r e s s  
t e r m s  of Jsh  (or Wsh) and t h e n  employ t h e  r e s u l t i n g  ex- 
p r e s s i o n s  i n  e q u a t i o n s  (22) - (24)  t o  g i v e  e x p l i c i t  e x p r e s -  
s i o n s  for Jsh. 

t i o n s  for r sh  can  be  w r i t t e n  a s  

rsh i n  

I t  is s e e n  from e q u a t i o n s  ( 6 )  and  (25 )  t h a t  t h e  equa-  

where 

The s o l u t i o n  of  e q u a t i o n  (31)  can  be e x p r e s s e d  a s  

Hence, 

10 



and 

5kPs 
ks = (38)  

2msbs[1 + (Bds)2] 

E q u a t i o n s  (34)  and (36 )  are now s u b s t i t u t e d  i n t o  equa- 
t i o n  ( 2 4 ) .  A f t e r  r e a r r a n g e m e n t ,  one f i n d s  

where 

Z a i  K R  - -  1 
zea ea e h  2 a i  a h ]  Fh = -[-fah 

a O  

where 

11 



bo = - a2B 2 - - K i e  + i e  K i e  B e 
1 + (Bde)2 ' 

Equa t ion  (41 )  c a n  b e  s o l v e d  t o  g i v e  a n  e x p l i c i t  e x p r e s s i o n  f o r  
Jh.  The r e s u l t  may be  e x p r e s s e d  a s  

I f  t h e  e f f e c t s  of  g r a d i e n t s  are  n e g l i g i b l e ,  e q u a t i o n  (43)  may 
be used  t o  g i v e  a n  e x p r e s s i o n  f o r  t h e  e l ec t r i ca l  c o n d u c t i v i t y . 6  

A s  a f i rs t  s t e p  i n  w r i t i n g  e x p r e s s i o n s  f o r  t h e  h e a t  f l u x  
v e c t o r s  and  t h e  d i f f u s i o n  v e l o c i t i e s ,  e x p r e s s i o n s  f o r  Fh and 
Gh i n  t e r m s  o f  t h e  p r e s s u r e ,  t e m p e r a t u r e s '  and  c o n c e n t r a t i o n s '  
g r a d i e n t s ,  and  t h e  e lectr ic  and  magne t i c  f i e l d s  w i l l  be g i v e n .  
Using e q u a t i o n s  ( 5 ) ,  ( 3 7 ) ,  and ( 4 0 ) ,  one o b t a i n s  

S i m i l a r l y ,  e q u a t i o n s  ( 5 ) ,  ( 1 6 ) ,  ( 3 7 ) ,  and (42 )  g i v e  

1 "a 1 -3 
vp + - Z K .VTa)XB]h Gh = - L]". + eneEg + -[vP - - axh a. a n 2 a i  a i  

+ Zie K- i e  k e pTe + de(vT ,d )h  + d e ( Y T e - ~ ) B 1 l /  2 . (45)  

I t  is seen  from e q u a t i o n s  ( 3 4 ) ,  ( 3 6 ) ,  and (39)  t h a t  a 
vector of  t h e  form 

+ ++ + + +  
C I J  + C2(JxB) + C3(J.B)B 

12. 
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a p p e a r  f r e q u e n t l y .  Using e q u a t i o n s  (43 )  and ( 4 5 ) ,  i t  can  be 
shown t h a t  t h e  above v e c t o r  c a n  be r e p r e s e n t e d  a s  

-b-9 1 

1 + ( b  B) 
z[(C1 - blC2B2)z + (b lC1 + C2)GxB 

1 

Cl(b2 + b f )  + C3( l  + blB 2 2  
+ blC2] (2.8)g], (47)  

1 - b2B2 

where 

+* * 1 "a 
n + eneE )xB + -[(VPa - - VP 

a O  

1 + + B2 "a 1 + - Z K .VTa)*B]B - -(VP, - - VP + - za iKa iVTa)  n 2 a O  2 a i  a i  

and 

+ 
G - B  = - -[VPe + eneE* + z i e K i e k e ( l  + deB ) V T e ] . B .  (49)  2 2  + 1 ++ 

b0 

The d e r i v e d  e x p r e s s i o n s  for r s h  and  J sh  can  now be 
' used t o  e x p r e s s  Wspl and qsh. Using e q u a t i o n s  (22) and 

( 3 9 ) ,  one f i n d s  

13 



and 

S i m i l a r l y ,  t h e  h e a t  f l u x  v e c t o r s  are  o b t a i n e d  from e q u a t i o n s  
(12)  and (34) - (36)  a s  

and 

The t o t a l  h e a t  f l u x  v e c t o r ,  q h ,  is o b t a i n e d  by a d d i n g  equa- 
t i o n s  ( 5 2 ) - ( 5 4 ) .  The r e s u l t s  may be w r i t t e n  a s  

The e x p l i c i t  dependence of t h e  above v e c t o r  on p r e s s u r e ,  
t e m p e r a t u r e s  and  c o n c e n t r a t i o n s ’  g r a d i e n t s ,  and e lectr ic  and  
magne t i c  f i e l d s  may be o b t a i n e d  by u t i l i z i n g  e q u a t i o n s  (46) 
and ( 4 7 ) .  In  g e n e r a l ,  e a c h  of t h e  v e c t o r s  under  d i s c u s s i o n  
may be r e p r e s e n t e d  a s  

14 
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+ 
x a s V P s  + bsVTs + Cs(JP,x?r) + fs(VTsxB) 

(56) +* -+ 

-b + gsB + hsz* + Ws(E xB); s = a , i , e ,  

w i t h  

VPs = knsJTs + kTsVns. (57)  

The s u b s t i t u t i o n s  i n t o  e q u a t i o n s  (50)-(55) a r e  s t r a i g h t f o r w a r d .  
However, because t h e  r e s u l t i n g  e x p r e s s i o n s  a r e  u n u s u a l l y  l o n g ,  
t hey  w i l l  n o t  be i n c l u d e d  h e r e .  

The above e x p r e s s i o n s  assume a r e l a t i v e l y  s imple  form i f  
one assumes t h a t  c o l l i s i o n s  w i t h  t h e  atoms f o l l o w  t h e  Maxwelli-  
an molecule  approx ima t ion .  I n  t h i s  c a s e ,  

For charged p a r t i c l e s  zst = 3/5, zLt = 2 ,  3st = 1.3 ,  and ,  
t h e r e f o r e ,  

where 

LU = eB/me,  T = n m /Kie ,  = -1.865 e e  

For t h e  c a s e  where Te = T i ,  yi = (m/2me)l/2. 

The  S t r e s s  Tensors  

The stress t e n s o r s  can  be c a l c u l a t e d  f r o m  e q u a t i o n s  (27)-  
( 2 9 ) .  Equat ion  (29)  g i v e s  t h e  d e s i r e d  e x p r e s s i o n  f o r  t h e  neu- 
t r a l  v i s c o u s  stress t e n s o r  and shows t h a t  t h e  second approx i -  
mat ion  t o  (Pa)kh  is n o t  i n f l u e n c e d  by t h e  e lectr ic  and 
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magne t i c  f i e l d s .  Using e q u a t i o n s  (8), ( 2 7 ) - ( 2 9 ) ,  i t  is s e e n  
t h a t  (Ps)kh is governed by  a n  e q u a t i o n  of t h e  t y p e  

The s o l u t i o n  of e q u a t i o n  (61)  c a n  be w r i t t e n  a s  

hk 

w h e r e  

2 2 Ds = 1 + 4(aSB) , As = 1 + . 

Assuming T, = Ti and u s i n g  e q u a t i o n s  ( 3 0 ) ,  one f i n d s  

1 / 2  
(65)  5 e  

2 2m ~ 7 ,  a i B  = - -(L) W T .  
5 

3 ( 2  + JZ) 
U B =  e 

1 6  



The e x p r e s s i o n s  g i v e n  above f o r  ( P i ) k h  and (Pe)kh de- 
pend on t h e  c u r r e n t  d e n s i t i e s  Jsh .  With J i h  and  J n  g i v e n  
by e q u a t i o n s  (39)  and ( 4 3 ) ,  e q u a t i o n s  (63)  g i v e  t h e  d e s i r e d  ex- 
p r e s s i o n s  f o r  t h e  v i s c o u s  stress t e n s o r s .  

The o v e r - a l l  stress t e n s o r  Phk is d e f i n e d  a s  

Phk may be  c a l c u l a t e d  from e q u a t i o n  (63). For s m a l l  e lec t r ic  
f i e l d s  i t  is e x p e c t e d  t h a t  e q u a t i o n s  ( 2 0 ) ' w i l l  h o l d ,  a t  l eas t  
a p p r o x i m a t e l y .  I n  s u c h  cases, t h e  o v e r - a l l  v i s c o u s  stress 
t e n s o r  may be approximated  by t h e  n e u t r a l  v i s c o u s  stress 
t e n s o r .  

D i s c u s s i o n  and Conc lus ions  

E x p l i c i t  e x p r e s s i o n s  for t h e  t r a n s p o r t  r e l a t i o n s  of a 
p a r t i a l l y  i o n i z e d  gas i n  t h e  p re sence  of  e lec t r ic  and magne t i c  
f i e l d s  and p r e s s u r e ,  t e m p e r a t u r e s ,  c o n c e n t r a t i o n s ,  and v e l o c i t y  
g r a d i e n t s  are  d e r i v e d .  The d e r i v a t i o n  assumes t h a t  t h e  plasma 
is n e u t r a l ,  t h e  d e g r e e  of i o n i z a t i o n  is n o t  v e r y  c l o s e  t o  z e r o  
or u n i t y ,  t h e  c o l l i s i o n  cross s e c t i o n s  of  cha rged  p a r t i c l e s  are 
much larger t h a n  cross s e c t i o n s  i n v o l v i n g  n e u t r a l  atoms, and 
me/m << 1. 

The f i r s t  a s sumpt ion  is p robab ly  t h e  m o s t  r e s t r i c t i v e  be- 
c a u s e  t h e  plasma is n o t  n e u t r a l  i n  t h e  s h e a t h  r e g i o n .  How-. 
e v e r ,  removing s u c h  a r e s t r i c t i o n  would r e s u l t  i n  e x p r e s s i o n s  
which are much m o r e  complex t h a n  t h o s e  p r e s e n t e d  h e r e .  There-  
f o r e ,  i n  s p i t e  of  t h e  f a c t  t h a t  t h i s  case c a n  be handled by 
t h e  method p r e s e n t e d  h e r e ,  i t  w a s  t hough t  t h a t  such  a r e f i n e -  
ment w a s  n o t  w a r r a n t e d  a t  p r e s e n t .  

The second and  t h i r d  a s sumpt ions  are  a c t u a l l y  i n t e r -  
r e l a t e d .  The d e g r e e  of  i o n i z a t i o n  shQuld be such  t h a t  equa- 
t i o n s  (16)  a re  s a t i s f i e d .  For d e g r e e s  o f  i o n i z a t i o n  smaller 
t h a n  t h e  l o w e r  l i m i t ,  t h e  r e s u l t s  f o r  t h e  s l i g h t l y  i o n i z e d  
case h o l d ,  w h i l e  f o r  v a l u e s  greater t h a n  t h e  maximum, t h e  gas 
may be  t r e a t e d  a s  f u l l y  i o n i z e d .  

I 

The q u e s t i o n  arises whether  t h e  d e r i v e d  e x p r e s s i o n s  c a n  
e x p l a i n  t h e  p r e s e n c e  of t h e  s o - c a l l e d  anomalous or t u r b u l e n t  
d i f f u s i o n .  Keeping o t h e r  t h i n g s  c o n s t a n t ,  t h e  e x p r e s s i o n  f o r  
wsh shows t h a t  f o r  large B t h e  d i f f u s i o n  is p r o p o r t i o n a l  t o  
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1/B2.  
f u s i o n .  However, i n  cases l i k e  d i s c h a r g e s  crossed w i t h  mag- 
n e t i c  f i e l d s  where anomalous or 1 /B d i f f u s i o n  h a s  been ob- 
s e r v e d ,  t h e  c o n s e r v a t i o n  e q u a t i o n s  show t h a t  t h e  f low prop- 
er t ies  depend,  i n  a g i v e n  s i t u a t i o n ,  on  t h e  power i n p u t  and  
t h e  magne t i c  f i e l d .  T h i s  means t h a t  i f  one  t a k e s  t h e  v a r i a -  
t i o n  of t h e  degree of i o n i z a t i o n ,  t e m p e r a t u r e ,  e t c . ,  w i t h  
B ,  t h e r e  is t h e  p o s s i b i l i t y  t h a t  1 / B  d i f f u s i o n  can  be ob- 
s e r v e d  o v e r  a c e r t a i n  r ange  of o p e r a t i n g  c o n d i t i o n s .  

T h i s  is t h e  p r e d i c t i o n  of t h e  so-called c lass ica l  d i f -  

The e q u a t i o n s  p r e s e n t e d  h e r e  a re  n o t  v a l i d  i n  t h e  r a n g e  
where T 3 m. T h i s  is because  e q u a t i o n s  (2 ) - (4 )  are n o t  
v a l i d  f o r  a c o l l i s i o n l e s s  plasma.  To o b t a i n  meaningfu l  
r e s u l t s  i n  t h e  l i m i t  of T * a, t h e  e x a c t  e q u a t i o n s  s h o u l d  
be employed. 

The d e r i v e d  e x p r e s s i o n s  f o r  qsh,  wsh, (Ps)kh c a n  be 
used  t o  d e r i v e  e x p r e s s i o n s  f o r  t h e  t r a n s p o r t  c o e f f i c i e n t s .  
Because Te # T i  # Ta, one c a n  c a l c u l a t e ,  i n  a d d i t i o n  t o  t h e  
u s u a l  c o e f f i c i e n t s ,  "multicomponent h e a t  conduc t ion  c o e f -  
f i c i e n t s . "  Such a c a l c u l a t i o n  is n o t  r e p o r t e d  h e r e  because  
t h e  c o n s e r v a t i o n  e q u a t i o n s  are e x p r e s s e d  i n  t e r m s  of t h e  
fundamenta l  q u a n t i t i e s  wsh, J,h, q,h, and  (Ps )kh  
and n o t  t h e  t r a n s p o r t  c o e f f i c i e n t s .  

Nor th  C a r o l i n a  S t a t e  
R a l e i g h ,  Nor th  C a r o l i n a  
F e b r u a r y  28, 1964 
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